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Generalized Logarithmic Law and Its Consequences
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There has been considerable controversy during the past few years concerning the validity of the universal
logarithmic law that describes the mean velocity pro� le in the overlap region of a turbulent wall-bounded � ow.
Alternative Reynolds-number-dependent power laws have been advanced. We propose herein an extension of
the classical two-layer approach to higher-order terms involving the Kármán number and the dimensionless wall-
normal coordinate.The inner and outer regionsof the boundarylayerare described using Poincaré expansions,and
asymptoticmatching is applied in the overlap zone. Because of the speci� c sequence of gauge functions chosen, the
resulting pro� le depends explicitly on powers of the reciprocal of the Kármán number. The generalized law does not
exhibit a pure logarithmicregion for large but � nite Reynolds numbers. On the other hand, the limiting function of
all individualReynolds-number-dependentpro� les described by the generalized law shows a logarithmicbehavior.
As compared to either the simple log or power law, the proposed generalized law provides a superior � t to existing
high-� delity data.

I. Introduction

T HE universallogarithmiclaw describingthemean velocitypro-
� le in the overlap region of a turbulent wall-bounded� ow is a

cornerstoneof � uid mechanics research.However, there is no phys-
ical or mathematical reason to exclude, a priori, a Reynolds-number
dependenceof such pro� le. In fact, therehas been considerablecon-
troversy during the past few years concerning the validity of the log
law, and alternative Reynolds-number-dependent power laws have
been proposed (for background, see Panton1 and Buschmann and
Gad-el-Hak2;3). Afzal4;5 rigorouslydemonstratedthe equivalenceof
the log and power laws at very high Reynolds numbers. Herein we
extend the classical approach of Izakson6 and Millikan7 to higher
orders and derive a generalizedlog law that exhibits explicit depen-
dence on Kármán number.

The turbulent wall-bounded � ow is traditionally separated into
two distinct, albeit overlapping, zones. The inner layer, where vis-
cosity is important, and the proper velocity and length scales are,
respectively,the frictionvelocityu¿ and the viscous length scale (or
wall unit) º=u¿ , where º is the kinematic viscosity, u¿ ´

p
.¿w=½/,

¿w is the shear stress at the wall, and ½ is the � uid density.Quantities
expressed in terms of the inner variables are usually written with
a C superscript. Suf� ciently far from the wall in the outer region,
inertia is important, and the proper velocity and length scales are,
respectively, the velocity defect .Uo ¡ u/ and the boundary-layer
thickness ±, where Uo is the velocity outside the boundary layer
and u.x; y/ is the mean streamwise velocity. An overlap region is
presumed to exist for distances from wall º=u¿ ¿ y ¿ ±.

Izakson6 and Millikan7 were among the � rst to introduce an
asymptotic matching procedure to derive a mean velocity pro� le
for the overlap region from the two-layer approach.The � rst-order
result they obtained is the well-known universal log law. Several
attempts have been made to extend this law to second and third
orders. Among them are Tennekes,8 Bush and Fendell,9 Afzal and
Yajnik,10 Afzal,11 Afzal andBush,12 andPanton.13 Oneof theearliest
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attempts to show experimentally the Reynolds-numberdependence
of theparametersof theclassicallog lawwas undertakenbyPateland
Head14 for pipe� ow. Analyzinga wide rangeof experimentaldataof
canonical turbulentboundary layers, Buschmann and Gad-el-Hak15

showed the necessity of higher-order,Reynolds-number-dependent
analysis. The classical approach of Izakson6 and Millikan7 was ex-
tended to second order by Afzal11 and to third order by Afzal and
Bush.12 Herein we extend these results to arbitrary higher orders
and derive a generalized log law with explicit dependence on the
Kármán number. We validate our theory with modern data sets that
are accurate as well as cover a broad range of Reynolds numbers.

The paper is organized as follows. Following these introductory
remarks, dimensional analysis is used to derive the functional de-
pendence of the mean velocity and its gradient on the wall-normal
coordinate and the Kármán number. The generalizedlog law is then
derived in Sec. III. Section IV describes the experimental evidence
validating the generalized law. Departure from the generalized law
in the outer layer of the boundary layer is then described in Sec. V.
Finally, concluding remarks are given in Sec. VI.

II. Mean Velocity Pro� le
We begin with rudimentary dimensional analysis. Assume a

canonical turbulent boundary layer that is free of the effects of
three-dimensionality,compressibility,pressure gradient, curvature,
roughness, freestream turbulence, etc. The mean velocity pro� le of
such a boundary layer and its gradient are determined by � ve pa-
rameters: � uid density ½, kinematic viscosity º, distance from the
wall y, an outer length scale ±, and the wall shear stress ¿w . Thus,

u D f1.½; º; y; ±; ¿w/;
@u

@y
D f2.½; º; y; ±; ¿w/ (1)

In a problem where the primary dimensions are mass, length, and
time, the threeparameters½ , º, and y are independentand cannotbe
representedby the other two parameters.The remaining parameters
¿w and ± are dependent parameters. According to Buckingham Pi
theorem of dimensional analysis, the number of similarity numbers
that are needed to describe the problem follows from the difference
between the number of all parameters (� ve) and the number of in-
dependent parameters (three). For the canonical turbulentboundary
layer, therefore, two similarity numbers 51 and 52 are needed:

u

u¿

D 81.51; 52/;
º

u2
¿

@u

@y
D 82.51; 52/ (2)

51 D º

u¿ y
; 52 D ±

y
; u¿ D

r
¿w

½
(3)
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The reciprocal of 51 is the local Reynolds number (or distance
from the wall expressed in wall units yC). The quotient52=51 rep-
resents the ratio of the characteristicouter length scale and viscous
length scale:

52=51 D u¿ ±=º D ±C (4)

The similarity variable ±C is called Kármán number. Introducing
this result into Eq. (2), we obtain

uC D 83.yC; ±C/;
@uC

@yC
D 84.yC; ±C/ (5)

The outer and inner length scales evolve at different rates with
Reynolds number, and thereforethe Kármán and Reynolds numbers
are closely related. To derive that relation, de� ne a Reynolds num-
ber based on the momentum thickness and the velocity outside the
boundary layer:

Reµ ´ Uo±µ =º (6)

This Reynolds number characterizes the outer layer and is related
to the Kármán number as follows:

±C D
u¿

Uo

±

±µ

Reµ D

r
C f

2

±

±µ

Reµ (7)

where C f is the skin-frictioncoef� cient, which, like all of the other
variables in this equation, depends on distance from the leading
edge.Usingdata for the skin frictionand meanvelocitypro� les from
different � at-plate experiments,Gad-el-Hak and Bandyopadhyay16

have shown the following empirical relation to be valid over a wide
range of Reynolds numbers:

±C D 1:168.Reµ /0:875 (8)

Thus, the Kármán number grows downstream at a slower rate than
does the Reynoldsnumber.On a semi-in� nite � at plate the outer and
inner length scales are forever disparting, the boundary layer never
achievestrue self-preservation,and the Reynolds-numbereffectson
all statistical turbulence quantities persist inde� nitely.16

III. Generalized Log Law
At suf� ciently high Kármán number the in� uence of the outer

coherent structures (which scale with ±) diminishes on the inner
zone, and the in� uence of the inner coherent structures (which scale
with º=u¿ ) diminishes on the outer zone. The interaction between
the two zones decreasesas well, but never goes away completely.At
any � nite, albeit high, Reynolds number, viscosity and inertia both
maintain a small in� uence on the overlap region between the inner
and outer zones.

An asymptotic expansion for the inner layer of the discussed
canonical boundary layer can now be written as a Poincaré series:

uC » uC
1 .yC/ C uC

2 .yC/°2.±
C/ C uC

3 .yC/°3.±
C/ C ¢ ¢ ¢ (9)

Here uC and yC denote, respectively, the nondimensional velocity
u=u¿ and wall-normal coordinate yu¿ =º. For the outer layer the
correspondingexpansion reads

U » U1.´/ C U2.´/02.±C/ C U3.´/03.±C/ C ¢ ¢ ¢ (10)

with ´ D y=± and U D .Uo ¡ u/=u¿ . The dependenceof the velocity
pro� les on ±C is separated into gauge functions°i and 0i , which are
functions only of ±C , but not necessarily identical functions.

Referring to Poincaré expansions similar to those just shown,
Panton13 states that “while the � rst term in an expansion is reason-
ably well de� ned, subsequent terms can differ depending on the
sequence of gauge functions chosen and on the scaling parame-
ters employed in the nondimensionalvariables.”Splitting the mean
velocity pro� le into two expansionscauses a loss of boundary con-
dition for both. To compensate, a matching condition for Eqs. (9)
and (10) is introduced.Originally,Millikan7 restricted the matching
condition to the � rst-ordernormalizedgradient,which is physically

a matching of mean spanwise vorticity.This restrictionis not neces-
sary, however, at least from a mathematical point of view. The next
order is a matching of the vorticity � ux. In general, it has to be de-
manded that all normalized derivativesof the inner and outer series
expansions are in agreement. Therefore, the � rst-order (yC ! 1,
´ ! 0, and ±C ! 1) matching condition for arbitrary order of the
gradient reads

yCk @kuC

@yCk ¼ ´k @kU

@´k
; k D 1; 2; 3; : : : (11)

Here k denotestheorderof thederivative,not to be confusedwith the
order of approximation. To ful� ll the general matching condition,
a certain sequence of gauge functions has to be chosen. Because
turbulence is not a closed problem mathematically, the selection of
this sequence of gauge functions always involves some additional
assumptions, preferably physically based ones. Based on a con-
sideration of the governing equations of the mean motion of fully
developedpipe and channel � ows, Afzal11 introducedthe following
gauge functions for a second-order analysis:

°2 D 02 D ² D 1=±C (12)

This type of gauge function can be generalized as ² . j ¡ 1/ D
1=±C. j ¡ 1/ , where j D 1; 2; : : : ; n is the order of approximation. It
can readily be shown that such a sequence of gauge functions satis-
� es Eq. (11) for all k.

According to the original approach of Millikan,7 only the terms
of lowest order of the Poincaré expansionshave to be matched. The
price for that procedure is that all higher-order terms exhibiting the
Kármán number must be neglected. Introducing Eqs. (9) and (10)
into the generalized matching condition (11), we obtain

nX

j D 1

² j ¡ 1yCk dk uC
j

dyCk C O.²n/ ¼
nX

j D 1

² j ¡ 1´k dkU j

d´k
C O.²n/ (13)

For k D 1 the lowest-order term of Eq. (13) becomes

yC duC
1

dyC
C O.²/ ¼ ´

dU1

d´
C O.²/ (14)

Each side of Eq. (14) is asymptotic to a constant, which leads to

yC duC
1

dyC D A1 C O
¡
yC¡t

¢
; ´

dU1

d´
D A1 C O.´s/ (15)

where t > 0 and s > 0 (cf. Gill17). If the higher-order terms of yC

and ´ in Eq. (15) are neglected, the usual matching condition is
obtained. Integration then leads to the classical log and defect laws

uC D A .yC/ C C; U D A .´/ C c (16)

with the parameters A, C , and c, which are independent of any
similaritynumber.Here A denotes1=· , the reciprocalof theKármán
constant (not to be confused with the Kármán number ±C).

To � nd the higher-order ² terms in Eq. (14), one � rst has to � nd
the higherorder yC- and ´ terms in Eq. (15).With respect to the next
gauge function °2, these terms were introduced as integral powers
of 1=yC and ´ by Afzal.11 From Eq. (15) then follows

uC
1 D A1 .yC/ C C1 C

mX

i D 1

E1;i

yC i

U1 D A1 .´/ C c1 C
mX

i D 1

e1;i ´
i (17)

Introducing Eq. (17) into Eq. (14) and collecting terms of order ²,
the next matching condition is found:

yC duC
2

dyC
¡ e1;1 yC C O.²2/ ¼ ´

dU2

d´
C

E1;1

´
C O.²2/ (18)

Because of the similar mathematical structure of the � rst matching
condition (14) and the second (18), it can be assumed that each
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side of Eq. (18) is again asymptotic to a constant. Integrating and
introducing the higher order yC and ´ terms then leads to the next-
order term of the mean velocity pro� le

uC
2 D A2 .yC/ C C2 C e1;1 yC C

mX

i D 1

E2;i

yC i

U2 D A2 .´/ C c2 C
E1;1

´
C

mX

i D 1

e2;i ´
i (19)

Repeating this procedure leads to the generalizedinner law, valid
to order ².n ¡ 1/ ,

uC D A1 .yC/ C C1 C
mX

i D 1

E1;i

yC i

C
nX

j D 2

² j ¡ 1

"
A j .yC/ C C j C

j ¡ 1X

i D 1

B j;i y
C i C

mX

i D 1

E j;i

yC i

#

(20)

and the generalized defect law

U D A1 .´/ C c1 C
mX

i D 1

e1;i ´
i

C
nX

j D 2

² j ¡ 1

"
A j .´/ C c j C

j ¡ 1X

i D 1

b j;i

´i
C

mX

i D 1

e j;i ´
i

#

(21)

Here A j , C j , c j , B j;i , b j;i , E j;i , ande j;i denoteconstantsthat canonly
be determined from experiments. Differentiating and rearranging
Eqs. (20) and (21) leads to the left-hand side

yC duC

dyC
D A1 ¡

E1;1

yC
¡

E1;2

yC2
¡

E1;3

yC3
¡ ¢ ¢ ¢

C A2 C B2;1´ ¡ ²
E2;1

yC
¡ ²

E2;2

yC2
¡ ¢ ¢ ¢

C A3 C ²B3;1´ C B3;2´
2 ¡ ²2 E3;1

yC ¡ ²2 E3;2

yC2
¡ ¢ ¢ ¢ (22)

and the right-hand side

´
dU

d´
D A1 C e1;1´ C e1;2´2 C e1;3´3 C ¢ ¢ ¢

C A2 ¡
b2;1

yC C ²e2;1´ C ²e2;2´2 C ¢ ¢ ¢

C A3 ¡ ²
b3;1

yC
¡

b3;2

yC2
C ²2e3;1´ C ²2e3;2´

2 C ¢ ¢ ¢ (23)

of the general matching condition (13) for k D 1. From these rela-
tions it follows that the matching condition can only be satis� ed if

Table 1 Analyzed sets of velocity pro� les (VP) of zero-pressure-gradient turbulent boundary layers

Data set No. of pro� les Probe Reµ range ±C range Symbola

Österlund21 70 VP SHWb 2.53£ 103–27.32£ 103 684–6147 n
Osaka et al.22 7 VP SHW 8.6 £ 102–6.04£ 103 355–1988 s
K. S. Choi (private communication, Sept. 1999, Udine, Italy) 1 VP SHW 1.14£ 103 492 H
Roach and Brierley23 16 VP SHW 5 £ 102–2.7 £ 103 183–845 l
Spalart20 2 VP DNSc 6.4 £ 102–1.41£ 103 325–650 ¨
aThe table provides the key to all symbols used in Figs. 1 and 4.
bSHW: single hot-wire probe.
cDNS: direct numerical simulations.

the following constraints are true:

B j;i D e j ¡ i;i ; E j ¡ i;i D b j;i (24)

By means of complete induction, it can be shown that if Eq. (13) is
satis� ed for k D 1 it is also satis� ed for all higher-order derivatives.

The precedinganalysis indicatesthat pure log regions, as they are
proposedby Millikan,7 Österlundet al.,18 Zanounet al.,19 and others
using the classical approach, are not exhibited by the generalized
law proposed here. The nonlogarithmic, higher-order terms of yC

and ±C persist throughout the entire overlap region and for all � nite
Reynolds numbers. From Eqs. (20) and (21) it is clear that the usual
constants of the classical log law (16) are functions depending on
the Kármán number. Because of the asymptotic behavior of the
generalized law concerning ±C, this dependence persists also for
high Reynolds numbers. It has to be regarded as Reynolds-number
effects and clearly distinguished from the low-Reynolds-number
effects (cf.Spalart20). Althoughthe latter are related to incompletely
developedturbulentmotion, the Reynolds-numbereffectsdiscussed
here are caused by the persistent in� uence of friction and inertia
forces within the overlap region.

IV. Experimental Evidence of the Generalized Law
The constants in Eqs. (20) and (21) must be determined from

experimental data. It is to be expected that the dependence on the
Kármán number is weak and diminishes asymptotically as ±C in-
creases. Therefore an accurate data set with a wide range of ±C is
required. Such a data set was created by compiling several mod-
ern experimental and numerical data bases from different authors
as shown in Table 1. In both numerical and physical experiments
the uncertainty in measuring the mean velocity is typically better
than §2%, whereas wall shear stress is measured or computed to
within §5%. Österlund21 used oil-� lm interferometeryand reports
skin-frictionaccuracybetter than §4%, whereas Osaka et al.22 used
a � oating element to measure directly ¿ and claims an accuracy of
§1–2%. Roach and Brierley23 utilized the Clauser’s method, the
momentum balance approach, and a Preston tube. They report that
the valuesof the skin frictionas measuredby all threemethodsagree
to within 2%.

As we have done in a companion paper,3 we explainhere the pro-
cess by which we selectedthe speci� c data sets to be analyzed.First,
we searched for recently published boundary-layerdata covering a
broad range of Reynolds numbers, with an eye on the reliabilityand
credibility of both the researchers who generated the data and the
archival journals that published the results. Preference was given to
experiments in which the wall skin friction was measured or com-
puted independently of any assumption of the law governing the
overlapregionand to publiclyavailablecomputerizeddata sets.Sec-
ond, we excludedpipe and channel� ow data, such as those from the
recent superpipe experiments at Princeton University. Unlike zero-
pressure-gradient boundary layers, fully developed pipe � ows do
not continue to evolve downstream and do not possess freestream.
Lastly, we felt that � ve independentdata sets were quite adequate to
show all of the trends sought. Therefore, many good data sets were
not included.A graphwith 50datasetswill lookneedlesslycramped,
and our selectiondecisionby no means shouldbe construedas a ver-
dict against any of the excluded data, some of which are considered
classical albeit unavailable in the form of computer � les.
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Fig. 1 Parameters of the generalized inner law: blue line, parameters of standard logarithmic law according to Österlund et al.18; and green line,
regression function of results obtained from Österlund’s data. See Table 1 for key to all symbols.

Ignoring yC terms of power §2 and higher, a simpli� ed version
of the generalized inner law (20) results:

uC D A .yC/ C Clog C E1

¯
yC C B1 yC (25)

where

A D
nX

j D 1

² j ¡ 1 A j ; Clog D
nX

j D 1

² j ¡ 1C j

E1 D
nX

j D 1

² j ¡ 1 E j;1; B1 D
nX

j D 2

² j ¡ 1 B j;1 (26)

denote the parametersof the simpli� ed law. Equation (25) is valid to
order ².n ¡ 1/. In otherwords, the Reynolds-number-dependent terms
are retained in this equation.

Using the Levenberg–Marquardt algorithm (cf. Gill et al.24), a
nonlinear � t of the data from Table 1 was carried out to compute the
four parameters in Eq. (26), and the results are depicted in Fig. 1.
As expected,all parameters asymptote to constantvalues for in� nite
Kármánnumber.They show thepredicteddependenceon ±C . For the
highest Kármán number achieved in Österlund’s data .±C D 6,147;
Reµ D 27.32£ 103), · reaches a value of 0.39, Clog becomes 4.57,
and the intercept of the defect law c becomes 3.91. These values
are in good agreement with · D 0:38, Clog D 4:1, c D 3:6 computed
by Österlund et al.,18 and · D 0:39, Clog D 4:42 computed by Perry
et al.25 from the Princeton superpipe data. All other parameters
appearing in Eqs. (20) and (21) asymptote to zero for ±C ! 1.
For very low Kármán numbers .±C · 600/ the parameters depicted
in Fig. 1 drop or increase sharply. This behavior indicates low-
Reynolds-number effects.

Traditionally, semilog plots of uC vs yC are used to compare the
inner law with experimentaldata. This is only useful if the analyzed
mean velocity pro� les do not depend on an additional parameter.
The inner law (20) is a function of two variables: the nondimen-
sional coordinate yC and the Kármán number ±C . Therefore it is

useful to plot the experimental values uC
exp vs the theoretical values

uC
theor.yC; ±C/. In case the theoretical mean velocity pro� les are in

agreement with the experimental data, all points in a linear-linear
plot would collapse on a straight line passing by the origin and
having a slope of 45 deg. If the theory fails or is not valid in cer-
tain regions of the pro� le, the points depart from the diagonal. This
test is done herein using the experimental data base by Österlund21

(Fig. 2) and Osaka et al.22 (Fig. 3). To compare to the generalized
law, corresponding plots were drawn for the simple log laws pro-
posedby Österlundet al.18 .· D 0:38; Clog D 4:1, for Reµ ¸ 6 £ 103/
and by Osaka et al.22 .· D 0:41; Clog D 4:9, for Reµ ¸ 2:5 £ 103/.
Additionally the power law proposed by Barenblatt et al.26;27

uC D CP yC® (27)

was analyzed. This law with Reynolds-number-dependent parame-
ters was originally derived for pipes and later extended to the self-
similar intermediate region adjacent to the viscous sublayer of a
canonicalturbulentboundary layer.The originalReynolds-number-
dependent values for the coef� cient CP and the power ®, as com-
puted from the Österlund’s data by Barenblatt et al.,27 were used
herein. For Osaka et al.’s data the power-law parameters computed
by Buschmann and Gad-el-Hak15 were used.

The left-hand columns of Figs. 2 and 3 show the complete set of
velocity pro� les from, respectively, Österlund21 and Osaka et al.22

over the entireboundary-layerthicknessfor all three laws.The right-
hand column of either � gure shows zoomed-in plots of the overlap
region.The pro� les are coloredaccordingto their individualKármán
number like a rainbow from red (lowest ±C value) to blue (highest
±C value). This coloring scheme allows the observer to spot readily
any inherent Reynolds-numberdependence.

In both Figs. 2 and 3 the � rst row depicts the theoretical power
law by Barenblatt et al.,27 the second row depicts the classical log
law by Österlund et al.18 (Fig. 2) or by Osaka et al.22 (Fig. 3), and
the third row depicts the generalized inner law as derived herein.

Although the power law shows more or less an intersecting re-
gion of all pro� les (Figs. 2a, 2b, 3a, and 3b), for the simple log
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Fig. 2 Comparison of different mean velocity laws with experimental data by Österlund21: � rst row, power law by Barenblatt et al.27; second row,
classical log law by Österlund et al.18; third row, generalized inner law, present work. The right-hand column is a zoomed-in version of the left-hand
column, emphasizing the overlap region. The pro� les are colored according to their individualKármán number like a rainbow from red (lowest value)
to blue (highest value).
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Fig. 3 Comparison of different mean velocity laws with experimental data by Osaka et al.22: � rst row, power law by Barenblatt et al.27 with
parameters according to Buschmann and Gad-el-Hak15; second row, classical log law by Osaka et al.22; third row, generalized inner law, present
work. The right-hand column is a zoomed-in version of the left-hand column, emphasizing the overlap region. The pro� les are colored according to
their individual Kármán number like a rainbow from red (lowest value) to blue (highest value).
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laws by Österlundet al.18 and Osaka et al.22 all pro� les are grouped
in a band around the diagonal (Figs. 2c, 2d, 3c, and 3d). The rea-
sons for the departures are different for both laws. The power law
� ts the data in an upper region of the overlap zone. However, for
the usual log-law region the power law does not exhibit the cor-
rect Kármán number dependence. Therefore a rainbow-like dis-
tribution of the colors is found for lower values of uC (see espe-
cially Fig. 2b). The log law with constant parameters is obviously
not suf� cient for the data to collapse completely with the diag-
onal. The remaining ±C dependence is represented in a rainbow-
like distribution of the colors (Figs. 2d and 3d). The slight concave
shape of the band denotes the neglected in� uence of the higher-
order terms of yC. Note that Österlund’s log law is valid between
yC D 200 and ´ D 0:15, which is equivalent to uC D 18:04 for the
inner border and uC D 18:20–22.03 for the outer border. The re-
semblance of Fig. 2c to traditional velocity pro� les plotted on a
semilog paper is fortuitous. The abscissa here is uC

theor, not log yC.
Finally, applying the generalized inner law (20), with its Reynolds-
number-dependent parameters computed from the data, leads to a
collapse of all data with the diagonal in an extended overlap zone.
Only a very mild random scatter that is caused by the experimen-
tal error can be gleaned in the closeup view of the overlap region
(Figs. 2f and 3f). As compared to either the simple log or power
law, the generalized law clearly provides a superior � t to existing
data.

One can argue that the better � t exhibited in Figs. 2f and 3f results
from the larger number of free parameters (four) in the generalized
log law as compared to the two free constants in the classical log
and power laws. To check this point, we plotted several functions,
for example, polynomials, with as many degrees of freedom as the
generalizedlog law. Noneof thoseplotscomparedfavorablyto those
in the third row of either Fig. 2 or Fig. 3. In fact, the polynomial
plots showed more scatter than that for the simple log and power
law. The additional terms in the generalized log law are based on
physical arguments, whereas a randomly selected function with as
many degrees of freedom is not.

V. Limiting Functions and the Departure Parameters
To representthe entire mean velocitypro� le of a turbulentbound-

ary layer, Coles28 combined the inner law and the defect law to give
the following empirical relation:

uC.yC/ D f .yC/ C 1uC.´/ D f .yC/ C ¼w.´/ (28)

where 1uC.´/ is the strengthof thewakecomponentin wall units,¼
is the wake parameter (maximum deviationfrom the inner law), and
w.´/ is theuniversalwake function.Coles28 found that for canonical
turbulent boundary layers ¼ increases up to Reµ ¼ 6 £ 103. How-
ever,an asymptoticstate does not seem to be achievedbecauseabove
Reµ ¼ 15 £ 103; the wake parameter starts to decrease again very
slowly.16

Coles28 used a universal function f .yC/ for the law of the wall.
Universal in this context means that this function depends only on
the wall-normal coordinate yC. For the inner law (20) discussed
here, such a function exists only for ² ! 0. Therefore, f .yC/ in

Fig. 4 Departure parameter for the generalized inner law (left) and for the generalized defect law (right). See Table 1 for key to all symbols.

Eq. (28) has to be substitutedby the limiting functionuC
0 .yC/ of the

inner law

uC.yC; ±C/ D uC
0 .yC/ C 1uC.´; ±C/ (29)

The limiting function (or envelope) of the inner law (20) is found
by rewriting this law for ² ! 0:

uC
0 D A1 .yC/ C C1 C

mX

i D 1

E1;i

yC i
(30)

For yC ! 1 the limiting function uC
0 .yC/ becomes identical with

the classical log law (16). Rewriting and rearrangingEq. (29) using
Eqs. (20) and (30) leads to the departure function of the generalized
inner law

1uC D
nX

j D 2

j ¡ 1X

i D 1

² j ¡ i ¡ 1 B j;i ´
i

C
nX

j D 2

² j ¡ 1

"
A j .yC/ C C j C

mX

i D 1

E j;i

yC i

#

(31)

Different from Coles’s wake function, this departure function is not
builtas thedeviationof an individualpro� le in theouterzonefromits
own overlap region. Instead, the departure function used here is the
deviationof an individualpro� le in the outer zone from the limiting
function of the inner law. The two functions become identical only
at in� nite Reynolds number, but at any � nite Reynolds number the
two functions cannot be, strictly speaking, directly compared.

Analogous to the limiting function and the departure function
of the generalized inner law, a limiting function and a departure
function of the generalized outer law are derived as follows:

U0 D A1 .´/ C c1 C
mX

i D 1

e1;i ´
i (32)

1U D
nX

j D 2

j ¡ 1X

i D 1

² j ¡ i ¡ 1 b j;i

yC i

C
nX

j D 2

² j ¡ 1

"
A j .´/ C c j C

mX

i D 1

e j;i ´
i

#

(33)

Here the outer departure function is de� ned as the deviation of an
individual outer pro� le from the corresponding limiting function.

Similar to Coles’ wake parameter ¼ , two departure parameters
5i and 5o , which denote the maximum departure of an individual
pro� le from the generalized inner or outer limiting function, can be
de� ned as follows:

1uC D
nX

j D 2

B j; j ¡ 1´
j ¡ 1 D 5i

nX

j D 2

B¤
j; j ¡ 1´ j ¡ 1 (34)

1U D
nX

j D 2

b j; j ¡ 1

yC j ¡ 1
D 5o

nX

j D 2

b¤
j; j ¡ 1

yC j ¡ 1
(35)
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Using the data from Table 1, the inner and outer departure pa-
rameters are calculated and compiled in Fig. 4. Above ±C ¼ 2000
.Reµ ¼ 6 £ 103/, bothparametersshowconstantvaluesof5i D 2:84
and 5o D 0:7. A constant wake parameter ¼ for the classical log
law was found for high Reynolds numbers by DeGraaff and Eaton29

using the log-law constants from Österlund et al.18 This � nding is
consistent with the result presented here, as the limiting function
of the inner law becomes identical with the classical log law for
yC ! 1.

VI. Conclusions
The second-order theory that was originally derived by Afzal11

and the third-order theory developedby Afzal and Bush,12 for both
pipe and channel � ows, are extended here to arbitrary higher-order
terms. Both the inner and outer generalized laws are successfully
appliedto the canonicalturbulentboundarylayerandexhibitexplicit
dependence on the Kármán number.

The open parametersof the inner and outer generalizedlaws were
obtained from experimental data. It was found that all parameters
including the Kármán constant · and the intercept Clog , which are
constants in the classical log law, depend asymptotically on the
Kármán number. As illustratedin Fig. 1, the differencebetween the
simple log law and the generalized law is quite large at Kármán
number of the order of 1000, but quite modest at ±C above 6000.

As it contains higher-order yC terms, the new generalized law
covers a much wider range of wall-normal distancesas compared to
the simple log or power law. At typicallaboratoryReynoldsnumbers
the classical log law covers distances from the wall in the range of
yC ¼ 50–300, whereas in the case of the generalized log law the
overlap region extends over the range yC ¼ 25–1000, an almost
fourfold increase.

As compared to either the simple log or power law, the proposed
generalizedlaw providesa superior � t to existing high-� delity data.
The implication of this � nding is that the mean velocity pro� le
of a canonical turbulent boundary layer depends on the physical
characteristicsof the turbulentmotionespeciallyon the ratioof outer
and inner length scales. If this ratio becomes in� nite, the in� uence
of friction disappears, and all of the parameters of the proposed
generalizedlaw asymptote to constantvalues,with some parameters
asymptoting to zero.

The classical log law with constant parameters is found to be
the limiting function (or envelope) of all individual pro� les with
� nite Kármán and Reynolds numbers. The parameters of this lim-
iting function are in good agreement with the parameters found by
Österlundet al.18 and Perry et al.25 for high-Reynolds-number� ows.
It is shown that the maximum departuresof experimentallyobtained
velocitypro� les from the limiting functionsof the generalizedinner
and defect laws are constants above ±C ¼ 2000.

The results presented herein and in the companion paper3 might
help settle the ongoingdebate concerningthe precise law governing
the mean velocity pro� le of the canonical turbulent boundary layer.
Using the method of fractional difference to statistically analyze
some of the best mean velocitydata presentlyavailable,Buschmann
and Gad-el-Hak3 have concluded that such data do not indicate any
statistically signi� cant preference toward either the simple log law
or the power law, even when the parametersof the latter are allowed
to optimally change with Reynolds number. In the present paper
the superiority of the generalized log law over both the simple log
and power laws has been demonstrated.The effect of the additional
terms appearing in the generalized log law diminishes as yC and ±C

increase, making it evident why Österlund et al.18 advocated a sim-
ple,Reynolds-number-independentlog lawbutonlyabove yC ¼ 200
and for Reµ exceeding6 £ 103, which value increased to 8 £ 103 in
subsequent papers and presentations dealing with both boundary
layers and channel � ows (e.g., see Zanoun et al.19). It appears more
reasonable to admit Reynolds-number effects via the generalized
law and thus to be able to describe all wall-bounded � ows at all
Reynolds numbers above those where turbulence is not quite fully
developed, say Reµ above 2 £ 103 . This means Reµ above those at
which low-Reynolds-number effects are present. As an additional
bonus, our proposed law covers a much wider range of wall-normal
distances.

The Reynolds-numbereffectson thecanonicalmean velocitypro-
� le demonstrated in this paper are modest in absolute terms but can
have profound effect on our understanding and treatment of wall-
bounded� ows in general.Reynolds-numbereffects on higher-order
statistics such as root-mean-squarevalues of the velocity and pres-
sure � uctuations,skewness,spectra,etc.,aremuchstrongeras amply
illustratedin the reviewpaperbyGad-el-HakandBandyopadhyay.16

Understanding and quantifying all of those effects are essential
to our ability to extrapolate low-Reynolds-number laboratory and
numerical results to the much higherReynolds number encountered
in typical � eld applications.
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