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Generalized Logarithmic Law and Its Consequences
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There has been considerable controversy during the past few years concerning the validity of the universal
logarithmic law that describes the mean velocity profile in the overlap region of a turbulent wall-bounded flow.
Alternative Reynolds-number-dependent power laws have been advanced. We propose herein an extension of
the classical two-layer approach to higher-order terms involving the Kirmén number and the dimensionless wall-
normal coordinate. The inner and outer regions of the boundary layer are described using Poincaré expansions,and
asymptotic matchingis applied in the overlap zone. Because of the specific sequence of gauge functions chosen, the
resulting profile depends explicitly on powers of the reciprocal of the Kairman number. The generalized law does not
exhibit a pure logarithmicregion for large but finite Reynolds numbers. On the other hand, the limiting function of
all individual Reynolds-number-dependent profiles described by the generalized law shows a logarithmic behavior.
As compared to either the simple log or power law, the proposed generalized law provides a superior fit to existing

high-fidelity data.

I. Introduction

HE universallogarithmiclaw describingthe mean velocity pro-

file in the overlap region of a turbulent wall-bounded flow is a
cornerstoneof fluid mechanicsresearch. However, there is no phys-
ical or mathematical reason to exclude, a priori, a Reynolds-number
dependenceof such profile. In fact, there has been considerablecon-
troversy during the past few years concerning the validity of the log
law, and alternative Reynolds-number-dependet power laws have
been proposed (for background, see Panton' and Buschmann and
Gad-el-Hak?>?). Afzal* rigorously demonstratedthe equivalenceof
the log and power laws at very high Reynolds numbers. Herein we
extend the classical approach of Izakson® and Millikan’ to higher
orders and derive a generalizedlog law that exhibits explicit depen-
dence on Kdrmén number.

The turbulent wall-bounded flow is traditionally separated into
two distinct, albeit overlapping, zones. The inner layer, where vis-
cosity is important, and the proper velocity and length scales are,
respectively, the friction velocity u, and the viscouslength scale (or
wall unit) v/u., where v is the kinematic viscosity, u, = J(rw/p),
T, is the shear stress at the wall, and p is the fluid density. Quantities
expressed in terms of the inner variables are usually written with
a + superscript. Sufficiently far from the wall in the outer region,
inertia is important, and the proper velocity and length scales are,
respectively, the velocity defect (U, — u) and the boundary-layer
thickness 8, where U, is the velocity outside the boundary layer
and u(x, y) is the mean streamwise velocity. An overlap region is
presumed to exist for distances from wall v/u, Ky < 4.

Izakson® and Millikan’ were among the first to introduce an
asymptotic matching procedure to derive a mean velocity profile
for the overlap region from the two-layer approach. The first-order
result they obtained is the well-known universal log law. Several
attempts have been made to extend this law to second and third
orders. Among them are Tennekes? Bush and Fendell,” Afzal and
Yajnik,'° Afzal,!' Afzal and Bush,'? and Panton.!* One of the earliest
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attempts to show experimentally the Reynolds-numberdependence
ofthe parametersof the classicalloglaw was undertakenby Patel and
Head' for pipe flow. Analyzing a wide range of experimental data of
canonical turbulentboundary layers, Buschmann and Gad-el-Hak'?
showed the necessity of higher-order, Reynolds-number-depencent
analysis. The classical approach of Izakson® and Millikan’ was ex-
tended to second order by Afzal'! and to third order by Afzal and
Bush.!? Herein we extend these results to arbitrary higher orders
and derive a generalized log law with explicit dependence on the
Karman number. We validate our theory with modern data sets that
are accurate as well as cover a broad range of Reynolds numbers.

The paper is organized as follows. Following these introductory
remarks, dimensional analysis is used to derive the functional de-
pendence of the mean velocity and its gradient on the wall-normal
coordinate and the Kdrmdn number. The generalizedlog law is then
derived in Sec. III. Section IV describes the experimental evidence
validating the generalized law. Departure from the generalized law
in the outer layer of the boundary layer is then described in Sec. V.
Finally, concluding remarks are given in Sec. VI.

II. Mean Velocity Profile

We begin with rudimentary dimensional analysis. Assume a
canonical turbulent boundary layer that is free of the effects of
three-dimensionality,compressibility, pressure gradient, curvature,
roughness, freestream turbulence, etc. The mean velocity profile of
such a boundary layer and its gradient are determined by five pa-
rameters: fluid density p, kinematic viscosity v, distance from the
wall y, an outer length scale §, and the wall shear stress t,,. Thus,

ou
(D

.= fZ(pa v, Y, 65 Tw)
dy

In a problem where the primary dimensions are mass, length, and
time, the three parameters p, v, and y are independentand cannotbe
represented by the other two parameters. The remaining parameters
7, and § are dependent parameters. According to Buckingham Pi
theorem of dimensional analysis, the number of similarity numbers
that are needed to describe the problem follows from the difference
between the number of all parameters (five) and the number of in-
dependent parameters (three). For the canonical turbulentboundary
layer, therefore, two similarity numbers I1; and I1, are needed:

u= fi(p,v,y,8, 1),
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The reciprocal of IT; is the local Reynolds number (or distance
from the wall expressedin wall units y*). The quotient I,/ I, rep-
resents the ratio of the characteristic outer length scale and viscous
length scale:

/T = u8/v=8" “

The similarity variable §* is called Kdérmédn number. Introducing
this result into Eq. (2), we obtain

ou™t
ut = d;(y", 8%, — =0,y 8% &)
oy+t
The outer and inner length scales evolve at different rates with
Reynolds number, and therefore the Karmadn and Reynolds numbers
are closely related. To derive that relation, define a Reynolds num-
ber based on the momentum thickness and the velocity outside the
boundary layer:

Rey = U,8y/v (6)

This Reynolds number characterizes the outer layer and is related
to the Kdrmdn number as follows:

+ u, 1) C/' 1)
5T = F(S—Re‘g = TS_REQ (7)
o 09 0

where C is the skin-friction coefficient, which, like all of the other
variables in this equation, depends on distance from the leading
edge. Using data for the skin frictionand mean velocity profiles from
different flat-plate experiments, Gad-el-Hak and Bandyopadhyay'®
have shown the following empirical relation to be valid over a wide
range of Reynolds numbers:

8% = 1.168(Re, ) 87 (8)

Thus, the Kdrman number grows downstream at a slower rate than
does the Reynolds number. On a semi-infinite flat plate the outer and
inner length scales are forever disparting, the boundary layer never
achievestrue self-preservation,and the Reynolds-numbereffects on
all statistical turbulence quantities persist indefinitely.'®

III. Generalized Log Law

At sufficiently high Karman number the influence of the outer
coherent structures (which scale with §) diminishes on the inner
zone, and the influence of the inner coherent structures (which scale
with v/u.) diminishes on the outer zone. The interaction between
the two zones decreases as well, but never goes away completely. At
any finite, albeit high, Reynolds number, viscosity and inertia both
maintain a small influence on the overlap region between the inner
and outer zones.

An asymptotic expansion for the inner layer of the discussed
canonical boundary layer can now be written as a Poincaré series:

ut ~ ”T(y+) + ”;(y+))/2(3+) + u;’ OHEH+- 9

Here u™ and y* denote, respectively, the nondimensional velocity
u/u, and wall-normal coordinate yu,/v. For the outer layer the
corresponding expansion reads

U~ Ui +U(Fa(8) + Us(pTs@7) + -+ (10)

withn=y/6 andU = (U, — u)/u.. The dependenceof the velocity
profiles on §7 is separated into gauge functions y; and I';, which are
functions only of §*, but not necessarily identical functions.
Referring to Poincaré expansions similar to those just shown,
Panton'? states that “while the first term in an expansion is reason-
ably well defined, subsequent terms can differ depending on the
sequence of gauge functions chosen and on the scaling parame-
ters employed in the nondimensional variables.” Splitting the mean
velocity profile into two expansions causes a loss of boundary con-
dition for both. To compensate, a matching condition for Egs. (9)
and (10) is introduced. Originally, Millikan’ restricted the matching
conditionto the first-order normalized gradient, which is physically

a matching of mean spanwise vorticity. This restrictionis not neces-
sary, however, at least from a mathematical point of view. The next
order is a matching of the vorticity flux. In general, it has to be de-
manded that all normalized derivatives of the inner and outer series
expansions are in agreement. Therefore, the first-order (y* — oo,
n — 0, and §7 — 00) matching condition for arbitrary order of the
gradient reads

cotut oMU

+ ~
ey

y k=1,2,3,... (11)

ay+*
Here k denotesthe orderof the derivative, not to be confused with the
order of approximation. To fulfill the general matching condition,
a certain sequence of gauge functions has to be chosen. Because
turbulenceis not a closed problem mathematically, the selection of
this sequence of gauge functions always involves some additional
assumptions, preferably physically based ones. Based on a con-
sideration of the governing equations of the mean motion of fully
developed pipe and channel flows, Afzal'! introduced the following
gauge functions for a second-order analysis:

vp=Iy=e=1/8" (12)

This type of gauge function can be generalized as €Y~V =
1/8+(j_ 1), where j =1, 2,...,n is the order of approximation. It
can readily be shown that such a sequence of gauge functions satis-
fies Eq. (11) for all k.

According to the original approach of Millikan,” only the terms
of lowest order of the Poincaré expansionshave to be matched. The
price for that procedureis that all higher-order terms exhibiting the
Kéarmdn number must be neglected. Introducing Eqs. (9) and (10)
into the generalized matching condition (11), we obtain

n

. dfu o d‘u;
Y eyt —L r o Y T ==L+ 0" (13)
—~ dy+ — dn

For k =1 the lowest-order term of Eq. (13) becomes
duf dU,
F—L 4+ 0@ n—+0 14
¥ gE HO@ R+ 0@ (14)
Each side of Eq. (14) is asymptotic to a constant, which leads to
N du

o = ATo0),

du, .
n——=A+0(@") (15
dn
where > 0 and s > 0 (cf. Gill'”). If the higher-order terms of y*
and 7 in Eq. (15) are neglected, the usual matching condition is
obtained. Integration then leads to the classical log and defect laws

ut =At(y") +C, U=Al®) +c (16)
with the parameters A, C, and ¢, which are independent of any
similaritynumber. Here A denotes 1 /«, thereciprocal of the Karméan
constant (not to be confused with the Kdrman number §).

To find the higher-ordere terms in Eq. (14), one first has to find
the higherorder y* - and n terms in Eq. (15). With respectto the next
gauge function y», these terms were introduced as integral powers
of 1/y* and n by Afzal.!! From Eq. (15) then follows

m E ;
MT =A, &@,(y+)+cl +Zf
y

i=1

Ur=Aila() o+ Y e (17

i=1

Introducing Eq. (17) into Eq. (14) and collecting terms of order €,
the next matching condition is found:

dut dU E
F—L ey + O M=+ —= + 0@ (18)
dy* dn n

Because of the similar mathematical structure of the first matching
condition (14) and the second (18), it can be assumed that each
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side of Eq. (18) is again asymptotic to a constant. Integrating and
introducing the higher order y* and 7 terms then leads to the next-
order term of the mean velocity profile

EL
Azﬂm()’+)+cz+€11y +Z >

i=1

E c .
Ur = Azlan) +ot =+ Y e (19)

i=1

Repeating this procedure leads to the generalizedinner law, valid
to ordere” D,

= A bu(y” )+C1+Z

i=1

j—=1

+Xn:ef—‘ Ajla(y") +C; +ZBﬂy+L+Z

j=2 i=1 i=1

(20

and the generalized defect law

U= A () +c + Zel_[n‘

i=1

j—l

+Z i1 A la(n) + ¢ +Z +Zeu’7 Q1)

j=2 i=1 i=1

HereA;,Cj,c;,B;;,b;;,E;; ande;; denoteconstantsthatcanonly
be determined from experiments. Differentiating and rearranging
Egs. (20) and (21) leads to the left-hand side

AR IR R I T
Y dy+_ ! yt y+2 y+3
2.1 Er»
+A2+B21n—e—— y+2—---
2 Es3 2 B3
+As+€Bsin+ Bion® — € — € (22)
y yt
and the right-hand side
dUu
UE_A L e tenn +esn +-

b2.1 2
+A;,— P teeryn+€ernn + -

+ A, —6———+€€31)’)+€€32)’) + - (23)
vt

of the general matching condition (13) for kK = 1. From these rela-
tions it follows that the matching condition can only be satisfied if

the following constraints are true:

Bji=e;_ii, Ej—[.[=bj.[ (24)
By means of complete induction, it can be shown that if Eq. (13) is
satisfied for k = 1 it is also satisfied for all higher-order derivatives.

The preceding analysisindicatesthat pure log regions, as they are
proposedby Millikan,” Osterlundet al.,'® Zanounet al.,' and others
using the classical approach, are not exhibited by the generalized
law proposed here. The nonlogarithmic, higher-order terms of y*
and §* persist throughout the entire overlap region and for all finite
Reynolds numbers. From Eqgs. (20) and (21) it is clear that the usual
constants of the classical log law (16) are functions depending on
the Karmdn number. Because of the asymptotic behavior of the
generalized law concerning 87, this dependence persists also for
high Reynolds numbers. It has to be regarded as Reynolds-number
effects and clearly distinguished from the low-Reynolds-number
effects (cf. Spalart*). Although the latter are related to incompletely
developedturbulentmotion, the Reynolds-numbereffects discussed
here are caused by the persistent influence of friction and inertia

forces within the overlap region.

IV. Experimental Evidence of the Generalized Law

The constants in Egs. (20) and (21) must be determined from
experimental data. It is to be expected that the dependence on the
Kéarmdn number is weak and diminishes asymptotically as §* in-
creases. Therefore an accurate data set with a wide range of §* is
required. Such a data set was created by compiling several mod-
ern experimental and numerical data bases from different authors
as shown in Table 1. In both numerical and physical experiments
the uncertainty in measuring the mean velocity is typically better
than +2%, whereas wall shear stress is measured or computed to
within £5%. Osterlund®! used oil-film interferometery and reports
skin-frictionaccuracy better than +4%, whereas Osaka et al.?? used
a floating element to measure directly T and claims an accuracy of
+1-2%. Roach and Brierley?® utilized the Clauser’s method, the
momentum balance approach, and a Preston tube. They report that
the values of the skin friction as measured by all three methods agree
to within 2%.

As we have done in a companion paper,® we explainhere the pro-
cess by which we selected the specific data sets to be analyzed. First,
we searched for recently published boundary-layerdata covering a
broad range of Reynolds numbers, with an eye on the reliability and
credibility of both the researchers who generated the data and the
archival journals that published the results. Preference was given to
experiments in which the wall skin friction was measured or com-
puted independently of any assumption of the law governing the
overlapregion and to publicly availablecomputerizeddata sets. Sec-
ond, we excluded pipe and channel flow data, such as those from the
recent superpipe experiments at Princeton University. Unlike zero-
pressure-gradient boundary layers, fully developed pipe flows do
not continue to evolve downstream and do not possess freestream.
Lastly, we felt that five independentdata sets were quite adequate to
show all of the trends sought. Therefore, many good data sets were
notincluded. A graph with 50 datasets will look needlesslycramped,
and our selectiondecisionby no means should be construedas a ver-
dictagainstany of the excluded data, some of which are considered
classical albeit unavailable in the form of computer files.

Table 1 Analyzed sets of velocity profiles (VP) of zero-pressure-gradient turbulent boundary layers

Data set No. of profiles Probe Regy range 5% range  Symbol®
Osterlund?! 70 VP SHW? 2,53 x10°-27.32x10° 684-6147 [ |
Osaka et al.? 7 VP SHW 8.6 x 10>-6.04 x 103 355-1988 A
K. S. Choi (private communication, Sept. 1999, Udine, Italy) 1 VP SHW 1.14x 103 492 *
Roach and Brierley? 16 VP SHW 5x102-2.7 x 103 183-845 °
Spalart?° 2 VP DNS¢  6.4x10>-1.41x 10> 325-650 ¢

4The table provides the key to all symbols used in Figs. 1 and 4.
bSHW: single hot-wire probe.
°DNS: direct numerical simulations.



BUSCHMANN AND GAD-EL-HAK 43

2.0 A

1.5

A
—
o
* &
LA LN

e m L

0.5 ot

: .. = = F =5
[ ]

0

0 1000 2000 3000 4000 5000 6000
6+

0 1000 2000 3000 4000 5000 6000
8+

Fig. 1 Parameters of the generalized inner law: blue line, parameters of standard logarithmic law according to Osterlund et a

20

15

e 10

0 1000 2000 3000 4000 5000 6000
6+

0.025

0.020

0.015

0.010

0.005

e .
0 1000 2000 3000 4000 5000 6000

+

)

1.13; and green line,

regression function of results obtained from Osterlund’s data. See Table 1 for key to all symbols.

Ignoring y* terms of power £2 and higher, a simplified version
of the generalized inner law (20) results:

uh = Ab(y") + Cog + E\ [y* + Biy* (25)

where

A=Zn:ef—1A,, clog=zn:ef—lc,.

j=1 j=1
E =) ¢7'E;. Bi=) ¢7'By (20
j=1 j=2

denote the parameters of the simplified law. Equation (25)is valid to
ordere™~ Y Inother words, the Reynolds-number-dependent terms
are retained in this equation.

Using the Levenberg-Marquardt algorithm (cf. Gill et al.?*), a
nonlinear fit of the data from Table 1 was carried out to compute the
four parameters in Eq. (26), and the results are depicted in Fig. 1.
As expected, all parameters asymptote to constant values for infinite
Kérmén number. They show the predicteddependenceon §*. For the
highest Kairmdn number achieved in Osterlund’s data 6t =6,147;
Re, =27.32 x 10%), « reaches a value of 0.39, Cio becomes 4.57,
and the intercept of the defect law ¢ becomes 3.91. These values
are in good agreement with ¥ =0.38, Cy,, =4.1, ¢ = 3.6 computed
by Osterlund et al.,'® and k =0.39, Cj,q =4.42 computed by Perry
et al.” from the Princeton superpipe data. All other parameters
appearing in Egs. (20) and (21) asymptote to zero for §T — oo.
For very low Karmdn numbers (§* < 600) the parameters depicted
in Fig. 1 drop or increase sharply. This behavior indicates low-
Reynolds-number effects.

Traditionally, semilog plots of u™ vs y* are used to compare the
inner law with experimental data. This is only useful if the analyzed
mean velocity profiles do not depend on an additional parameter.
The inner law (20) is a function of two variables: the nondimen-
sional coordinate y* and the Kdrmdn number 6. Therefore it is

€X]
ui (y",8"). In case the theoretical mean velocity profiles are in

agreement with the experimental data, all points in a linear-linear
plot would collapse on a straight line passing by the origin and
having a slope of 45 deg. If the theory fails or is not valid in cer-
tain regions of the profile, the points depart from the diagonal. This
test is done herein using the experimental data base by Osterlund®'
(Fig. 2) and Osaka et al.?? (Fig. 3). To compare to the generalized
law, corresponding plots were drawn for the simple log laws pro-
posedby Osterlundetal.'® (k = 0.38, Cjog = 4.1, for Re; > 6 x 10°)
and by Osaka et al.? (k =0.41, Cio, = 4.9, for Rey > 2.5 x 10°).
Additionally the power law proposed by Barenblatt et al.2%’

useful to plot the experimental values u+p vs the theoretical values

ut =Cpy*™® 27

was analyzed. This law with Reynolds-number-dependent parame-
ters was originally derived for pipes and later extended to the self-
similar intermediate region adjacent to the viscous sublayer of a
canonicalturbulentboundary layer. The original Reynolds-number-
dependent values for the coefficient Cp and the power «, as com-
puted from the Osterlund’s data by Barenblatt et al.,”” were used
herein. For Osaka et al.’s data the power-law parameters computed
by Buschmann and Gad-el-Hak'> were used.

The left-hand columns of Figs. 2 and 3 show the complete set of
velocity profiles from, respectively, Osterlund?' and Osaka et al >
overthe entire boundary-layerthicknessforall threelaws. The right-
hand column of either figure shows zoomed-in plots of the overlap
region. The profiles are coloredaccordingto theirindividual Karman
number like a rainbow from red (lowest §* value) to blue (highest
87 value). This coloring scheme allows the observer to spot readily
any inherent Reynolds-number dependence.

In both Figs. 2 and 3 the first row depicts the theoretical power
law by Barenblatt et al.,?” the second row depicts the classical log
law by Osterlund et al.'® (Fig. 2) or by Osaka et al.”? (Fig. 3), and
the third row depicts the generalized inner law as derived herein.

Although the power law shows more or less an intersecting re-
gion of all profiles (Figs. 2a, 2b, 3a, and 3b), for the simple log
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laws by Osterlund et al.'® and Osaka et al.?? all profiles are grouped
in a band around the diagonal (Figs. 2c, 2d, 3¢, and 3d). The rea-
sons for the departures are different for both laws. The power law
fits the data in an upper region of the overlap zone. However, for
the usual log-law region the power law does not exhibit the cor-
rect Kdrmdn number dependence. Therefore a rainbow-like dis-
tribution of the colors is found for lower values of u™ (see espe-
cially Fig. 2b). The log law with constant parameters is obviously
not sufficient for the data to collapse completely with the diag-
onal. The remaining §* dependence is represented in a rainbow-
like distribution of the colors (Figs. 2d and 3d). The slight concave
shape of the band denotes the neglected influence of the higher-
order terms of y*. Note that Osterlund’s log law is valid between
y* =200 and n =0.15, which is equivalent to u™ = 18.04 for the
inner border and u* =18.20-22.03 for the outer border. The re-
semblance of Fig. 2c¢ to traditional velocity profiles plotted on a
semilog paper is fortuitous. The abscissa here is u__ , notlogy™.
Finally, applying the generalized inner law (20), with its Reynolds-
number-dependent parameters computed from the data, leads to a
collapse of all data with the diagonal in an extended overlap zone.
Only a very mild random scatter that is caused by the experimen-
tal error can be gleaned in the closeup view of the overlap region
(Figs. 2f and 3f). As compared to either the simple log or power
law, the generalized law clearly provides a superior fit to existing
data.

One can argue that the better fit exhibited in Figs. 2f and 3f results
from the larger number of free parameters (four) in the generalized
log law as compared to the two free constants in the classical log
and power laws. To check this point, we plotted several functions,
for example, polynomials, with as many degrees of freedom as the
generalizedloglaw. None of those plots compared favorablyto those
in the third row of either Fig. 2 or Fig. 3. In fact, the polynomial
plots showed more scatter than that for the simple log and power
law. The additional terms in the generalized log law are based on
physical arguments, whereas a randomly selected function with as
many degrees of freedom is not.

V. Limiting Functions and the Departure Parameters

To representthe entire mean velocity profile of a turbulentbound-
ary layer, Coles?® combined the inner law and the defectlaw to give
the following empirical relation:

utG) = fONH+AauTm =fON) +rwim  (28)

where Au™ (n) is the strength of the wake componentin wall units,
is the wake parameter (maximum deviation from the innerlaw), and
w(n) is the universal wake function. Coles?® found that for canonical
turbulent boundary layers 7 increases up to Re, ~6 x 10°. How-
ever,an asymptoticstate does not seem to be achievedbecauseabove
Rey ~ 15 x 10°; the wake parameter starts to decrease again very
slowly.!®

Coles?® used a universal function f(y*) for the law of the wall.
Universal in this context means that this function depends only on
the wall-normal coordinate y*. For the inner law (20) discussed
here, such a function exists only for € — 0. Therefore, f(y™) in
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Eq. (28) has to be substitutedby the limiting function ua’ (y*) of the
inner law

ut(y*, 80 =uf (") + Aut(n,87) (29)
The limiting function (or envelope) of the inner law (20) is found
by rewriting this law for € — 0:

N Ey
uf = A b(y") + C, +ZF (30)
i=1
For y* — oo the limiting function ua’ (y*) becomes identical with
the classicallog law (16). Rewriting and rearranging Eq. (29) using
Egs. (20) and (30) leads to the departure function of the generalized
inner law

n j—1
Aut = ZZej_[_lBj_[r)[
j=2i=1
n j_l + m Ejl
+ Y Ay )+C,~+ZF 31)
j=2 i=1

Different from Coles’s wake function, this departure function is not
builtas the deviationof anindividualprofile in the outerzone fromits
own overlap region. Instead, the departure function used here is the
deviation of an individual profile in the outer zone from the limiting
function of the inner law. The two functions become identical only
at infinite Reynolds number, but at any finite Reynolds number the
two functions cannot be, strictly speaking, directly compared.
Analogous to the limiting function and the departure function
of the generalized inner law, a limiting function and a departure
function of the generalized outer law are derived as follows:

Up= At +ci+ Y e (32)
i=1
n j—1 b
_ i1 Dii
VT 3 B
j=2i=1
+Zef—1[Aj fzn,(n)+cj+2ej_mf} (33)
j=2 i=1

Here the outer departure function is defined as the deviation of an
individual outer profile from the correspondinglimiting function.

Similar to Coles’ wake parameter 7, two departure parameters
I1; and I1,, which denote the maximum departure of an individual
profile from the generalized inner or outer limiting function, can be
defined as follows:

Awt =Y "B, T =TLY B T (34)

j=2 j=2

b o .
AU=) H—=m,) Li— (35)
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Fig.4 Departure parameter for the generalized inner law (left) and for the generalized defect law (right). See Table 1 for key to all symbols.
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Using the data from Table 1, the inner and outer departure pa-
rameters are calculated and compiled in Fig. 4. Above §* = 2000
(Rey ~ 6 x 10%), both parametersshow constantvaluesof IT; = 2.84
and I1, =0.7. A constant wake parameter 7 for the classical log
law was found for high Reynolds numbers by DeGraaff and Eaton®
using the log-law constants from Osterlund et al.'® This finding is
consistent with the result presented here, as the limiting function
of the inner law becomes identical with the classical log law for
yt — o0.

VI. Conclusions

The second-order theory that was originally derived by Afzal'!
and the third-order theory developed by Afzal and Bush,!? for both
pipe and channel flows, are extended here to arbitrary higher-order
terms. Both the inner and outer generalized laws are successfully
appliedto the canonicalturbulentboundarylayerand exhibitexplicit
dependence on the Kdrmdn number.

The open parameters of the inner and outer generalizedlaws were
obtained from experimental data. It was found that all parameters
including the Kdrmén constant « and the intercept C,,, which are
constants in the classical log law, depend asymptotically on the
Karman number. As illustratedin Fig. 1, the difference between the
simple log law and the generalized law is quite large at Kdrmdn
number of the order of 1000, but quite modest at §* above 6000.

As it contains higher-order y* terms, the new generalized law
covers a much wider range of wall-normal distances as compared to
the simplelog or power law. At typicallaboratory Reynoldsnumbers
the classical log law covers distances from the wall in the range of
yt & 50-300, whereas in the case of the generalized log law the
overlap region extends over the range y* ~25-1000, an almost
fourfold increase.

As compared to either the simple log or power law, the proposed
generalizedlaw provides a superior fit to existing high-fidelity data.
The implication of this finding is that the mean velocity profile
of a canonical turbulent boundary layer depends on the physical
characteristicsof the turbulentmotionespeciallyon the ratio of outer
and inner length scales. If this ratio becomes infinite, the influence
of friction disappears, and all of the parameters of the proposed
generalizedlaw asymptote to constant values, with some parameters
asymptoting to zero.

The classical log law with constant parameters is found to be
the limiting function (or envelope) of all individual profiles with
finite Karmdn and Reynolds numbers. The parameters of this lim-
iting function are in good agreement with the parameters found by
Osterlundet al.'® and Perry etal.?® forhigh-Reynolds-numberflows.
Itis shown that the maximum departuresof experimentallyobtained
velocity profiles from the limiting functions of the generalizedinner
and defect laws are constants above 7~ 2000.

The results presented herein and in the companion paper® might
help settle the ongoing debate concerning the precise law governing
the mean velocity profile of the canonical turbulent boundary layer.
Using the method of fractional difference to statistically analyze
some of the best mean velocity data presently available, Buschmann
and Gad-el-Hak® have concluded that such data do not indicate any
statistically significant preference toward either the simple log law
or the power law, even when the parameters of the latter are allowed
to optimally change with Reynolds number. In the present paper
the superiority of the generalized log law over both the simple log
and power laws has been demonstrated. The effect of the additional
terms appearing in the generalized log law diminishes as y*™ and §*
increase, making it evident why Osterlund et al.'® advocated a sim-
ple,Reynolds-number-indeperdentloglaw butonly above y™ ~ 200
and for Re, exceeding 6 x 103, which value increasedto 8 x 10° in
subsequent papers and presentations dealing with both boundary
layers and channel flows (e.g., see Zanoun et al.'®). It appears more
reasonable to admit Reynolds-number effects via the generalized
law and thus to be able to describe all wall-bounded flows at all
Reynolds numbers above those where turbulence is not quite fully
developed, say Re, above 2 x 10°. This means Re, above those at
which low-Reynolds-number effects are present. As an additional
bonus, our proposed law covers a much wider range of wall-normal
distances.

The Reynolds-numbereffects on the canonicalmean velocity pro-
file demonstrated in this paper are modestin absolute terms but can
have profound effect on our understanding and treatment of wall-
bounded flows in general. Reynolds-numbereffects on higher-order
statistics such as root-mean-square values of the velocity and pres-
sure fluctuations,skewness,spectra, etc.,are much strongeras amply
illustratedin the review paperby Gad-el-Hak and Bandyopadhyay!6
Understanding and quantifying all of those effects are essential
to our ability to extrapolate low-Reynolds-number laboratory and
numerical results to the much higher Reynolds number encountered
in typical field applications.
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